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Abstract
In an effective field theory model with an ultraviolet momentum cutoff, there is a relation
between the effective equation of state of dark energy and the ultraviolet cutoff scale. It
implies that a measure of the equation of state of dark energy different from minus one,
ω 6= −1, does not rule out vacuum energy as dark energy. It also indicates an interesting
possibility that precise measurements of the infrared properties of dark energy can be used
to probe the ultraviolet cutoff scale of effective quantum field theory coupled to gravity. In
a toy model with a vacuum energy dominated universe with a Planck scale cutoff, the dark
energy effective equation of state is weff ≈ −0.96.
This essay received an ”honorable mention” in the 2010 Essay Competition
of the Gravity Research Foundation.
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1 Introduction
Dark energy is required in order to explain the current acceleration of the Universe [1–5].
To be consistent with current observations about 70% of the energy density of the universe
must be dark energy. On the other hand we have a very poor theoretical understanding of
the origin of dark energy. It is often believed that a better understanding of dark energy will
be accompanied with a radical change in our understanding of quantum field theory coupled
to gravity.
A precise measure of the equation of state parameter, w, of dark energy will help us to
discriminate between different theoretical models, and has generated a significant interest
on the observational side. A detection of w 6= −1 is typically believed to be a falsification
of vacuum energy driven late time acceleration, and a verification of dynamical dark energy,
such as quintessence [6–9].
There might also be an other possibility. Even if the universe is dominated by vacuum
energy, the back-reaction of ultraviolet quantum fluctuations can lead to a small deviation
from w = −1 if the fundamental cutoff on physical momenta is close to the Planck scale.
This would lead to the very exciting possibility that we could constrain the value of the
ultraviolet cutoff scale of effective quantum field theory coupled to gravity by observing the
infrared properties of dark energy.
Since a cutoff on physical momentum violates general covariance, we do not expect energy
to be conserved for the quantum modes below the cutoff. The cutoff will therefore have to be
associated with a source term for the fluctuations, in order to account for modes redshifting
across the new physics hypersurface defined by the cutoff [10]. In this way, the modes below
the cutoff are sourced by the unknown physics above the cutoff.
We will present a simple toy model were there are only two contributions to the energy
density of the universe. The dark energy driving the expansion of the background, and
the energy density of quantum fluctuations. In order to have overall energy conservation
the dark energy component will act as a reservoir for ultraviolet quantum modes. As the
ultraviolet quantum modes are continuously generated, the reservoir is slowly emptied, and
as a result the effective equation of state of dark energy will deviate slightly from w = −1.
In the phenomenological picture that emerges, the nature of dark energy is deeply connected
to the ultraviolet physics.
In fact, we will see that if the accelerated expansion of the universe is driven by a dark
energy component with equation of state, w = −1, then the back-reaction of the ultraviolet
quantum modes of a scalar field, will yield an effective equation of state weff = −0.96.
2 Vacuum energy
Let us consider for simplicity a massless test scalar field in a quasi de Sitter speace-time. Since
we are interested only in ultraviolet effects, the deviations from the massless approximation
in the final result will be small as long as the mass is much less than the effective ultraviolet
1
cutoff. In conformal time, the metric is
ds2 = a2(t)(−dη2 + dx2) , (1)
where a(η) is the scale factor . The Lagrangian of the test field in this metric is given by
L = (1/2)a2(φ′2 + (∇φ)2)
The energy density in the vacuum state can be computed from the expectation value of
the Hamiltonian. In Fourrier space the Hamiltonian becomes
H =
1
2
∫
d3k
[
1
a2
pikpi
†
k
+ a2(k2 + a2m2)φkφk
]
. (2)
where the canonically conjugate field is given by pi = a2φ′.
One can quantize the Hamiltonian following the usual prescription in the Heisenberg
picture (se e.g [11]), by defining the time dependent oscillators
aˆk(η) =
1√
2
(
a
√
kφˆk(η) + i
1
a
√
k
pˆik(η)
)
aˆ†
k
(η) =
1√
2
(
a
√
kφˆ−k(η)− i 1
a
√
k
pˆi−k(η)
)
, (3)
which obey the usual commutator relations [aˆk(η), aˆ
†
k
′(η)] = δ(3)(k− k′).
The vacuum state at any given time, |0; η〉, is defined as the stated annihilated by the
lowering operator aˆk(η) |0; η〉 = 0. From the normalization of the delta-function in a finite
box δ(3)(0) = (L/2pi)3 = V/(a4(2pi)3), in the limit of the box size, L, going to infinity, we
find that the vacuum energy density of the field becomes
ρ =
〈η; 0| Hˆ |0; η〉
V
=
1
4pi2a4
∫ aΛ
0
dkk2k =
1
16pi2
Λ4 . (4)
This constant contribution to the energy density can be absorbed in a renormalization of
the bare cosmological constant, and we usually do not ascribe any physical significance to it
on its own.
3 Particle production
Due to particle production in the expanding background, the field will not remain in the
initial vacuum state. This is easily seen by making a Bogolubov transformation of the
oscillators, in terms of the oscillators at some fixed initial time η0,
aˆk(η) = αk(η)aˆk(η0) + βk(η)aˆ
†
−k(η0)
aˆ†
k
(η) = α∗
k
(η)aˆ†−k(η) + β
∗
k
(η)aˆk(η) (5)
2
where αk(η) and βk(η) are the Bogolubov coefficients, which describes the mixing of raising
and lowering operators as time passes.
Expanding the field and its conjugate in terms of mode functions fk and gk,
φk(η) = fk(η)aˆk(η0) + f
∗
k (η)aˆ
†
−k(η0) ,
pik(η) = −i(gk(η)aˆk(η0)− g∗k(η)aˆ†−k(η0)) , (6)
one finds that the mode functions are related to the Bogolubov coefficients,
fk(η) =
1√
2k
(αk(η) + β
∗
k(η)),
gk(η) =
√
k
2
(αk(η)− β∗k(η)) (7)
If we assume that the field starts out in the vacuum initially at η = η0, then the expec-
tation value of the Hamiltonian in this state at any later time becomes
〈η0; 0| Hˆ |0; η0〉 = δ(3)(0)
∫
d3k
[
k
(
|βk(η)|2 + 1
2
)]
. (8)
The mode functions of a massless scalar field in de Sitter space are,
fk(η) =
1
a
√
2k
e−ikη
(
1− i
kη
)
, gk(η) = a
√
k
2
e−ikη , (9)
which implies that
αk(η) =
1
2
(
2− i
kη
)
e−ikη , βk(η) = −1
2
i
kη
e−ikη . (10)
Inserting these expressions back into eq.(8), and subtracting the vacuum energy calculated
in the previous section, we find that the renormalized energy density becomes
ρre ≈ 1
2pi2a4
∫ aΛ
0
dkk3|βk(η)|2 = 1
16pi2
H2Λ2. (11)
In the leading approximation H is constant, but in any realistic universe with matter in it,
H will slowly decrease and H2Λ2 cannot be cancelled by a cosmological constant term.
The energy density calculated from the Hamiltonian defined in eq.(8), agrees with what
we would obtain from the expectation value of the energy momentum tensor Tµν = ∂µφ∂νφ−
gµνL, when comparing to the ideal fluid form T µν = diag.(−ρ, p, p, p). We could of course
calculate the pressure in the same way. Then we would obtain
pˆ =
1
2V
∫
d3k
[
1
a2
pˆikpˆi
†
k
− 1
3
a2k2φˆkφˆk
]
(12)
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Inserting the oscillators, we find that the expectation value of the renormalized pressure
becomes
pre ≈ 1
2pi2
∫ aΛ
0
dkk3
[
|βk(η)|2 − 2
3
(αkβk + α
∗
kβ
∗
k)
]
= −1
3
1
16pi2
H2Λ2 , (13)
where a term of order Λ4 related to the pressure of the vacuum energy, has been subtracted
from the bare pressure.
The method of renormalizing the energy-momentum tensor by subtracting its expectation
value in the initial Bunch-Davies vacuum is a standard approach. It has been applied to the
calculation of back-reaction in the trans-Planckian literature, where it was shown that in the
non-standard case of large |βk|, there is a problem with large back-reaction unless the cutoff
is very low [12, 13]. However, even in the standard case of a small βk like in eq. (11) above,
there is a small but still important back-reaction effect, if the cutoff is sufficiently close to
the Planck scale.
4 Back-reaction and the effective equation of state
From eq.(11) we see that since H is assumed to be almost constant, the ultraviolet quantum
fluctuations of the scalar field seems to contribute a nearly constant energy density ρre ∼
const. Naively, there might seem to be a contradiction between the continuity equation
ρ˙+ 3H(ρ+ p) = 0, (14)
which implies that a constant energy density is always associated with a negative but equal
pressure, and the equation of state of our produced particles pre = −13ρre. However, one
should note that the energy conservation equation is violated by the fixed cutoff, since
the cutoff acts as an energy reservoir from which energy is pumped into the system, when
ultraviolet modes redshifts across it.
This effect can be taken into account by the use of a source term. For an almost constant
energy density, T µ0;µ = 0 would imply that ρ ≈ −p. But obviously T µ0;µ = 0 is not valid for
the ultraviolet modes, since modes red-shift across the cutoff and energy leaks into the system
that is no longer closed. One therefore needs to include a source term on the right-hand-
side modifying the continuity equation, such that eq.(14) for the ultraviolet modes becomes
ρ˙re + 3H(ρre + pre) = Qre, where Qre is the energy transfer. In order for the equation to be
satisfied with ρ˙re = 0 and pre = −13ρre, we must have Qre = 2Hρre.
The dark energy component, which drives the (quasi) de Sitter expansion, is the only
other component of energy density. So, to have overall energy conservation, we must com-
pensate with an equal but opposite source term in the dark energy fluid. In this picture,
vacuum energy acts as a reservoir for ultraviolet quantum modes. As the ultraviolet quantum
modes are continuously generated, the reservoir is slowly emptied.
If we denote the energy density of dark energy by ρΛ, then for the dark energy fluid we
have ρ˙Λ+3H(ρΛ+pΛ) = QΛ. We will assume that dark energy is of the vacuum energy type
4
ρΛ = −pΛ, and as mentioned above, energy conservation requires QΛ = −Qre. Since the
dark energy fluid dominates the energy density of the Universe, we have ρΛ ≈ (3/8pi)H2m2p.
If we write QΛ = −ΓρΛ, then we have Γ = 1/(3pi)HΛ2/m2p. The continuity equation implies
that ρ˙Λ = −ΓρΛ. It is useful to compare with standard continuity equation for a fluid with
equation of state w, ρ˙+3H(1+w)ρ = 0. We find that the effective equation of state of dark
energy, when taking into account the source term, becomes
weff =
1
9pi
Λ2
m2p
− 1 . (15)
If we take the cutoff to be the fundamental Planck scale, Λ = mp, then we obtain weff ≈
−0.96.
We could also have derived the result of eq. (15) in a simpler but less illuminating fashion
by just using p = weffρ, with ρ = ρΛ + ρre and p = pΛ + pre
Note added in proof
After this manuscript was submitted to the essay competition of the Gravity Research Foun-
dation on March 29, 2010, two papers have subsequently appeared with similar observations
and conclusions [14, 15].
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